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Multiset
Dedekind [7] Weierstrass , Cantor [5] Multiset
$\ovalbox{\tt\small REJECT}$ Knuth The Art of Computer Programming (1968) [10]
Knuth Multiset list,bunch, bag,
heap, sample, weighted set, collection, and suite Multiset
Blizard [3, 4]
Yegar (1986) Theory of bags [21]
[13]
$(J. von$ Neumann, $O.$ Morgenstern $[17, 1] ($Choquet $[6])$ , Non additive subjective
probability (Schmeidler [18]), (Sugeno, [19])
[15, 16] Submodular ( ) [9] Choquet LLOV $z$
[12] Multiset









2.1. $X$ $\mathcal{X}$ $2^{X}$ $(X, \mathcal{X})$
$f$ : $Xarrow \mathbb{R}^{+}$ $\mathcal{X}$ - $\{x|f(x)\geq a\}\in \mathcal{X}$
2.2. [8] 2 $\mathcal{X}$ $f$ $g$ (comonotonic)
$x,$ $y\in X$ $f(x)<f(y)\Rightarrow g(x)\leq g(y)$
2.3. [19] $(X, \mathcal{X})$
$\mu$ : $\mathcal{X}arrow \mathbb{R}^{+}$ $(X, \mathcal{X})$ $\mu$
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(1) $\mu(\emptyset)=0,$ $\mu(X)=$ $k\in(0, \infty]$
(2) $A\subset B,$ $\Lambda,$ $B\in \mathcal{X}$ $l^{\iota(A)}\leq\mu(B)$
(3) $A_{n}\uparrow A$ $\mu(A_{n})\uparrow\mu(A)$
$\mu$ $(X, \mathcal{X})$ $\mu$ $(X, \mathcal{X}, \mu)$
2.3(3) Choquet
Generalized Fuzzy
2.4. ($A$ pseudo addition) $\oplus$ $[0, k]$
($A$ 1) $x\oplus 0=0\oplus x=x$
$(A2)x\leq u$ $y\leq v$ $x\oplus y\leq u\oplus?$)
$(A3)x\oplus y=y\oplus x$
$(A4)(x\oplus y)\oplus z=x\oplus(y\oplus z)$
$(A5)x_{n}arrow x,$ $y_{n}arrow y\Rightarrow x_{n}\oplus y_{n}arrow x\oplus y.$
($A$ pseudo multiplication) $\square$ $[0, k]$
$(M1)x$ $1=1\square x=1$
$(M2)x\leq u$ $y\leq v$ $x\square y\leq u\square v$
$(M3)x$ $y=y$ $x$
$(M4)(x\square y)$ $z=x\square (y\square z)$




$\oplus$ $x\in(0,1)$ $x\oplus x>x$
1.




$g$ : $[0, k]arrow[0, \infty]$ $x\oplus y=g^{(-1)}(g(x)+g(y))$ $g^{(-1)}$
$g^{(-1)}(u):=\{\begin{array}{ll}g^{(-1)}(u) if u\leq g(k)k if u>g(k) .\end{array}$
$g$
$g$ $\oplus$ additive generator
2.6. $\oplus$ $[0,1]$ $\vee$ or Archimedean [0,1]
$\oplus$-fitting
(Fl) $a\square x=0\Leftrightarrow a=0$ or $x=0.$
$($F2 $)$ $a$ $(x\oplus y)=(a\square x)\oplus(a$ $y)$ .
(F3) $(a\oplus b)\square x=(a\square x)\oplus(b\square x)$ .
$(\oplus, \square )$ a pscudo fitting system
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2.7. $[2J$ $r>0$ $A\in \mathcal{X}$ the basic simple function $b(r, A)\ovalbox{\tt\small REJECT}$
$b(r, A)(x)=r$ if $x\in Ab(r, A)(x)=0$ if $x\not\in A$ .
$f$ a simple function
$f$ $:= \sum_{i=1}^{n}b(a_{i}, A_{i})$ for $a_{i}>0$ (1)
where $A_{1}\supsetneq A_{2}\supsetneq\cdots\supsetneq A_{n},$ $A_{i}\in S$ .
2.8. $[14J(X, \mathcal{X}, m)$ $(\oplus, \square )$ apseudo fitting system
$f$ : $Xarrow[O, 1]$ $( f:=\oplus_{i=l}^{n}b(a_{i}, A_{i})$ , with $a_{i}>0$ and $A_{1}\supsetneq A_{2}\supsetneq\ldots A_{n},$
$A_{i}\in \mathcal{X},$ $a_{i}\geq 0A_{1}\supset A_{2}\supset\ldots A_{n},A_{i}\in \mathcal{X}$ , ( $GF$-integral)
$(GF) \int f$ $dm:=\oplus_{i=1}^{n}a_{i}\square m(A_{i})$ .
well defined [2].
2. (1) $\oplus=+$ $\square =$ . Choquet
(2) $\oplus=\vee$ $\square =\wedge$
$f,$ $g$ $a,$ $b\in[0,1]$ $\{x|f(x)\geq a\}\subset\{x|g(x)\geq b\}$
$\{x|f(x)\geq a\}\supset\{x|g(x)\geq b\}$
$(f \oplus g)(x):=\sum_{i=1}^{n}b(a_{i}A_{i})$
$a_{i}\geq 0A_{1}\supset A_{2}\supset\ldots A_{n},A_{i}\in \mathcal{X}$
2.9. $(X, \mathcal{X}, m)$ $(\oplus, )$ a pseudo fitting system
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$f,$ $g$




$X$ $X$ multiset $M$ count function $C_{M}$ : $Xarrow N$ $:=\{0,1,2, \ldots\}$
$C_{M}$ $x\in X$
$\mathcal{M}(X)$ $X$ multiset
3. $X:=\{a, b, c\}$ multiset $M$ $M:=\{a, a, a, b, b\}$
$C_{M}(a)=3,$ $C_{M}(b)=2,$ $C_{M}(c)=0$
Example 3 $M$ $M=\{3/a, 2/b\}$ $M=\{(a, 3), (b, 2)\}$
2.10. $M,$ $N\in \mathcal{M}(X)$
$M\subset N\Leftrightarrow^{\triangle}C_{M}(x)\leq C_{N}(x)$ for all $x\in X$ ;
$M=N\Leftrightarrow^{\Delta}C_{M}(x)=C_{N}(x)$ .
$M\in \mathcal{M}(X)$ multiset $M$ $\mathcal{P}(Jtf)$
$\mathcal{P}(M) :=\{N|N\subset M, N\in \mathcal{M}(X)\}.$
$|X|=nM=\{(a_{i}, k_{i})|i=1,2, \ldots n\}$
$|P(M)|=\Pi_{i=1}^{n}(k_{i}+1)$
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4. $M=\{a, a, a, b, b\}$ $M$
$M_{0}=\emptyset,$ $llI_{1}=\{a\},$ $11l_{2}=\{a, a\}$ , $M_{3}=\{a, a, a\},$ $\lrcorner \mathfrak{h}I_{4}=\{a, a, a, b\},$ $M_{5}=\{a, a, a, b, b\},$
$M_{6}=\{a, a, b\},$ $M_{7}=\{a, a, b, b\},$ $M_{8}=\{a, b\},$ $M_{9}=\{a, b, b\},$ $M_{10}=\{b\},$ $M_{11}=\{b, b\}$
$\mathcal{P}(M)=\{M_{i}|i=0,1,2, \ldots, 11\}$
2.11. $A,$ $B\in \mathcal{M}(X)$ $\mathcal{M}(X)$ 2
(1) $C_{A\cup B}(x)=C_{A}(x)\vee C_{B}(x)\triangle$
(2) $C_{A\cap B}(x)=C_{A}(x)\wedge C_{B}(x)\triangle$
(3) $C_{A+B}(x)=C_{A}(x)+C_{B}(x)\triangle$
(4) $C_{A\oplus B}(x)\triangle=C_{A}(x)\oplus C_{B}(x)$
(5) $C_{A\square B}(x)=C_{A}(x)\square C_{B}(x)\triangle$
$x\in X$ $C_{A}$ $A$ count function
$A,$ $B\in \mathcal{M}(X)$ $A\cap B\subset A\cup B\subset A+B$
5. $X:=\{a, b, c\}A:=\{a, a, b\},$ $B:=\{a, b, b, c\}$
(1) $A\cup B=\{a, a, b, b, c\}$
(2) $A\cap B=\{a, b\}$
(3) $A+B=\{a, a, a, b, b, b, c\}$
3 Multiset
$X$ $|X|=n$
$P$ $P:=\{2,3,5,7, \ldots, \}.$
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$X$ $X$ $P$ $\varphi_{X}$
$M\in \mathcal{M}(X)$ $\mathcal{M}(X)$ $S$ $\Phi_{X}(M)$ $:=$
$\Pi_{i=1}^{n}\varphi_{X}(x_{i})^{C_{M}(x_{i})}$ $\Phi_{X}(M)$ multiset $M$
6. $X:=\{a, b, c\},$ $\varphi x(a)=2,$ $\varphi x(b)=3,$ $\varphi x(c)=5$ . $A$ $\in \mathcal{M}(X)$




3.1. $M\in \mathcal{M}(X)$ $\Phi_{X}(\mathcal{P}(M))$ $\Phi_{X}(M)$
7. $X:=\{a, b, c\},$ $\varphi_{X}(a)=2,$ $\varphi_{X}(b)=3,$ $\varphi_{X}(c)=5$
$M;=\{a, a, a, b, b, c\}$
$\Phi_{X}(M)$ $:=2^{3}3^{2}5^{1}=120$
$\Phi_{X}(\mathcal{P}(M)):=\{1,2,3,4,5,6,8,10,12,15,24,30,40,60,120\}$ .
$\Phi_{X}$ multiset $\rho:R^{+}arrow R$ $\rho(x)$ $:=\log x$
$\rho(1)=0$ $\Phi_{X}(\emptyset)=1$
3.2. $\Phi_{X}$ multiset $\rho$ $\rho 0\Phi_{X}$
multisets
3.3. $M,$ $N$ $X$ multiset $M$ $N$ $x_{1},$ $x_{2}\in$
$X$ $C_{M}(x_{1})<C_{M}(x_{2})$ $C_{N}(x_{1})\leq C_{N}(x_{2})$
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$M,$ $N$ $C_{M}(x)=0or1$ $C_{N}(x)=0or1$
$M$ $N$ $M\subset N$ $M\supset N$
multiset $M\not\subset N$ $M\not\supset N$
$M,$ $N\in \mathcal{M}(X)$





$M_{1};=\{a, b, c\},$ $M_{2};=\{c, c, c\}$ $M_{1}$ $M_{2}$
$M_{1}\not\subset M_{2}$ $M_{1}\not\supset M_{2}$
$M$ multiset $\mathcal{P}(M)$ $M$ multiset
$\mathcal{P}(M)$

















multiset $M$ $M=\{a, a, b, c\}$ $\Phi_{X}(M)=60$
$\Lambda I_{1}\cap\Phi_{X}(\mathcal{P}(M)):=\{5,15,30\}$
12 $\cap\Phi x$ $(\mathcal{P}(M))$ $:=\{3,15,30\}$
$\Lambda f_{3}\cap\Phi_{X}(\mathcal{P}(\lambda l)):=\{5,10,30\}$





$X$ $2^{X}$ $2^{X}$ $\mu$
$M$ $X$ multiset a count function $C_{M}$ }
$C_{M}:=\oplus_{i=1}^{n}b(a_{i}, A_{i}),$ $a_{i}>0,$ $A_{1}\supsetneq A_{2}\supsetneq\ldots A_{n},$ $A_{i}\subset X$
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$\mu$ multiSet $M$ $\overline{\mu}$
$\overline{\mu}(M):=\oplus_{i=1}^{n}a_{i}\square \mu(A_{i})$ ,
$a_{i}>0$ and $A_{1}\supsetneq A_{2}\supsetneq\ldots A_{n},$ $A_{i}\in \mathcal{X}$ $\overline{\mu}$ $\mu$
$(\oplus, \square )$-
$\overline{\mu}(M)=(GF)\int C_{M}d\mu$
4.1. $M,$ $N\in \mathcal{M}(X)$ $\mu$ $2^{X}$ $N$
$\overline{\mu}(M\oplus N)=\overline{\mu}(M)\oplus\overline{\mu}(N)$
$\mathcal{M}(X)$ $v$
4.2. $\mathcal{M}(X)$ $v$ $\oplus$ - $2^{X}$ $\mu$
$M\in \mathcal{M}(X)$
$v( \Lambda I)=(GF)\int C_{M}d\mu$
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